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Defining a dry spell

Dry spell=number of consecutive dry days (below a precipitation amount
threshold) ([Raymond et al., 2016, Lana et al., 2006])
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Example of dry spell
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Figure: Precipitation amount with a threshold (blue for precipitation over the
threshold and orange otherwise) and corresponding dry spells (orange) @
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Precipitation stations in Switzerland
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Selected Stations
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Dry spells exceedances at two locations in Switzerland
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Dry spells exceeding quantile 99% : 17 days for Interlaken and 18 days for
Lauterbrunnen (7 km between the stations)
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see GHEM squore

What is the joint distribution ?
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Motivation

@ Main interest: Modeling dry spells—successions of days with little or
no precipitation—across various stations.

@ Broader question: How can we model extremal dependence in
multivariate discrete vectors?

o Real-life applications: Insurance claims, wildfire occurrences, and
more.

(O
see GHEM squore
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Dry spells exceedances at two locations in Switzerland
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Dry spells exceeding quantile 99% : 22 days for Airolo and 14 days for Griiningen

(80 km between the stations)
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Exceedances in the continuous case
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Generalized Pareto Distribution (GPD)

The distribution of exceedances above a large threshold v can be
approximated as (Pickands-Balkema-de Haan) :

P(Y —u>y|Y >u)=GPD(y;0,,¢)

where o, depends on u, and

e

GPD(y; 04,€) = <1 + éal

u

) , with o, > 0,
+

is the survival function of the GPD.
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Discrete GPD

Discrete generalized Pareto distribution (D-GPD) (see [Hitz et al., 2024],
[Ahmad et al., 2022], [Daouia et al., 2023]).

S. Aka, M. Kratz, P. Naveau (LSCE,CREAR)Discrete Multivariate Generalized Pareto Disti 11 /44



Discrete GPD definition

From [Hitz et al., 2024], the probability mass function ppgpp of the
discrete GPD is defined as, for k € N,

pocpp(k; 0, &) = GPD(k;0,&) — GPD(k + 1;0,¢).

The fit of the DGPD can be done using the code attached to
[Hitz et al., 2024].
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Fitting the marginal exceedances on a DGPD

Empirical Distribution for Station LTB
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Empirical Quantiles
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Standard Multivariate GPD

Definition ([Rootzén et al., 2018], Theorem 7)

Z € R? follows a MGPD(1,0, S) if:
@ max(Z) unit exponential distribution,
@ S =27 — max(Z) with S independent of max(Z).
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Non-Standard Multivariate GPD

Definition ([Rootzén et al., 2018])
Z € RY follows a MGPD(1,0, S) then

follows a MGPD(o,7, S).
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State-of-the-Art for Generalized Pareto Distribution (GPD)

What is well-known about the GPD:

@ Univariate GPD for exceedances in continuous univariate data,
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State-of-the-Art for Generalized Pareto Distribution (GPD)

What is well-known about the GPD:
@ Univariate GPD for exceedances in continuous univariate data,
@ Univariate discrete GPD for exceedances in discrete univariate data,

@ Multivariate GPD for exceedances in continuous multivariate data.

— Aim: Construction of a GPD distribution for discrete multivariate
data.
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Standard MDGPD

Definition ([Aka et al., 2024])

N € 79 follows a multivariate discrete Generalized Pareto Distribution
MDGPD(1,0,S) if :

e max(N) geometric distribution with parameter 1 — e~!

P(max(N) < k) =1—e X k e N*

@ S = N — max(N) with S independent of max(N).
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Threshold stability

Proposition ([Aka et al., 2024])

N ~ MDGPD(1,0,S) and m € N" :

L(N — m|N ¢ m) = MDGPD(1,0, S4)
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Linear Combination

Proposition ([Aka et al., 2024])

N ~ MDGPD(].70’S), A = (aU) a matrix c NnXd SUCh that
P(Zle ajN; >0)>0,¥i=1,...,n, and m € N", then

L(AN — m|AN & m) = MDGPD(A1,0,S,,).
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Non-standard MDGPD

N € Z9 follows a MDGPD(1,0, S) then

follows a MDGPD(o,~, S).
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Non-standard MDGPD

N € Z9 follows a MDGPD(1,0, S) then

follows a MDGPD(o,~, S).
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Non-standard MDGPD

N < 74 follows a WDGPD(1,0, S) then

follows a MDGPD(o,~, S). S
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Non-standard MDGPD

Definition ([Aka et al., 2024])

K e 79 follows a non-standard multivariate discrete Generalized Pareto
Distribution MDGPD (a =8 5= i,s) if

P(K<k)=1-E (1 A emax(S—a/og(%H)) .
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Generalization of the MDGPD by ratio on a Gamma

Proposition ([Aka et al., 2024])

Z MGPD(1,0,S) and A a Gamma(«, ) random variable independent
from Z. Then,

1
{iJ follows a MDGPD <'B, ,5) .

a o
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Generalized threshold stability

Proposition ([Aka et al., 2024])

Let M = %, where Z and N are defined as in the previous proposition,
A = (a;;) be a matrix € N™9 such that
P(>0; ajN; >0)>0,¥i=1,...,n, and m € N", then

L(|AM]| — m||AM] £ m) = MDGPD(2A1,1 s,).
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Building N from the increments of a distribution

If N ~ MDGPD(1,0, S), then:

N=T-max(T)+ _G ,
—_—
SiG max(N)

with T any discrete random vector called the generator.
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Other definition of N\ in the bivariate case

In the bivariate case,

N1 = G+ (T1 — T2)1((1,-T5)<0)>
No=G—(Ty— T2)]l((T1—T2)20)'

Note that Ny — No = T1 — T>.
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Creating a Bivariate DGPD (1)
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Creating a Bivariate DGPD (2)
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Bivariate DGPD: T7 and T, Independent Poisson Variables
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Bivariate DGPD: T7 and T, Dependent Poisson Variables
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Bivariate DGPD: T7 and T, Bimodal Poisson Variables
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Bootstrap algorithm to simulate a bivariate DGPD from

unknown ( Ty, T5)

From Bootstrap simulations algorithm in [Legrand et al., 2021].

Algorithm Bootstrap MDGPD simulation
Require: A sample of (Ny;, N2 j)i<i<n ~ MDGPD
Ensure: A discrete simulated sample (Nj ,, N3, )1<k<m to choose
1: Define A; = NL,' — N27,', 1<i<n,
2: Generate m generalizations Gy ~ Geom(1 —e™!),1 < k < m, indepen-
dently from A;,
3: Bootstrap m realization A} from (Aq,...,A)
4: Return Nl,k = Gk + Az]l(Ai<0) and N2’k = Gy — AZH(AZZO)’ for
1< k<m.
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(a) Scatter plot of simulated data with the (b) Q-Q plot for marginals N; and N>.
parametric model of sample size n = 500 x-axis : Original sample

(blue dots) and sampled data from one y-axis : Bootstrap sample
simulation with sample size m = 500 (red
dots).

Figure: Bootstrap simulations of (N, N) using bimodal Poisson ( Ty, T2) and
Geometric variable G.
@
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How to Perform Inference on the MDGPD?

Discrete Data

lChallenges

Marginals # Geometric(1 — e™1).

How to transform discrete distributions into another?

o If continuous: @ Easy

o If discrete: © Not so easy

A solution: Simulation-based
inference with Neural Networks
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Deep Neural Networks for Inference on the MDGPD

@ Neural networks (NN) are used for inference in intractable models,
such as those in [Pacchiardi et al., 2021] and [Lenzi et al., 2023],
which focus on max-stable models.

@ In this work, we apply Neural Bayes Estimators as introduced by
[Sainsbury-Dale et al., 2024].
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Bootstrap simulations at Two Close Stations in Switzerland
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Dry spells exceedances at two locations in Switzerland
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Dry spells exceeding quantile 99% : 17 days for Interlaken and 18 days for

Lauterbrunnen (7 km between the stations)
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Quantile-Quantile plot of marginals (close pair)
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Future Directions

@ Develop a dedicated package for the MDGPD, facilitating easier
application and wider use.

@ Investigate extreme value regression using covariates such as
geographical features, temperature, and soil moisture, within the
MDGPD framework.
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see GHEM squore
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